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Abstract
We prove that for an irreducible representation τ : GL(n) → GL(W), the associated homogeneous
Pn
k
-vector bundle Wτ is strongly semistable when restricted to any smooth quadric or to any smooth cubic
in Pn
k
, where k is an algebraically closed field of characteristic = 2,3 respectively. In particular Wτ is semi-
stable when restricted to general hypersurfaces of degree 2 and is strongly semistable when restricted to
the generic hypersurface of degree 2.
© 2006 Published by Elsevier Masson SAS.
MSC: 14D20
1. Introduction
In this paper we study the semistable restriction theorem for the homogeneous vector bundles
on Pnk which come from irreducible GL(n)-representations.
In general suppose G is a reductive algebraic group over an algebraically closed field
k and P ⊂ G is a parabolic group. Then there is an equivalence between the category of
G-homogeneous bundles over G/P and the category of P -representations, where a P -repre-
sentation ρ :P → GL(V ) on a k-vector space V induces a homogeneous G-bundle Vρ on G/P
given by
Vρ = G × V
P
= G × V{(g, v) ∼= (gh,h−1v) | g ∈ G,v ∈ V,h ∈ P } .
Now for the rest of the paper we fix the following
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maximal parabolic subgroup of G given by
P =
{[
g11 ∗
0 A
]
∈ SL(n + 1), where A ∈ GL(n)
}
and G/P  Pnk is a canonical isomorphism.
Now, if σ : GL(n) → GL(V ) is an irreducible GL(n)-representation then it induces an irre-
ducible P -representation ρ :P → GL(V ) given by[
g11 ∗
0 A
]
	→ σ(A), (1.1)
which gives a G-homogeneous bundle on G/P = Pnk . Conversely, any G-homogeneous bun-
dle V, given by an irreducible P -representation ρ :P → GL(V ), is in fact induced by an irre-
ducible GL(n)-representation (upto tensoring by OPnk (r), for some r).
In this paper we prove the following
Theorem 1.2. Let τ : GL(n) → GL(W) be an irreducible GL(n)-representation, where W is a
k-vector space. Let Wτ be the associated G-homogeneous bundle on G/P = Pnk . Let
(1) X = smooth quadric, if char k = 2, or
(2) X = smooth cubic, if char k = 3,
Then the bundle Wτ |X is strongly semistable.
We note that Theorem 1.2 implies Wτ itself is semistable on Pnk . However this result, in much
more general form, has been proved in [1,6,12,15].
From Theorem 1.2 we also deduce the following
Corollary 1.3. Let Wτ be the homogeneous bundle on Pnk associated to an irreducible repre-
sentation τ : GL(n) → GL(W). Let k be an algebraically closed field of characteristic = 2,3.
Then
(1) for s  0, the sth Frobenius power F s∗Wτ |H is semistable, for general hypersurface H of
degree d  2 in Pnk . In particular
(2) Wτ |H0 is strongly semistable, where H0 ⊂ PnKd is the generic hypersurface of degree d  2.
Moreover, if Wτ is the tangent bundle on Pnk and n 4 then we can replace the word ‘semistable’
by ‘stable’ everywhere in the above statement.
In this context we recall that, Mehta and Ramanathan [7] have proved that if E is a semistable
sheaf on a smooth projective variety (over a field of arbitrary characteristic) then E restricted to
a general hypersurface of degree a (where a is any sufficiently large integer) is semistable. On
the other hand, Flenner [3] proved this assertion, where the degree a of the hypersurface depends
only on the rank of E and degree of the variety X, provided the characteristic is 0.
Here, in Section 2, we prove the main result namely Lemma 2.4 of the paper: For a smooth
hypersurface X in Pnk , if TPnk |X is semistable and μmin(TX) 0 then, for any irreducible repre-
sentation τ : GL(n) → GL(W), the bundle Wτ |X is strongly semistable.
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Lemma 2.4 (provided char k is coprime to the degree of the given hypersurface), which implies
Theorem 1.2. Here we note that the stability of TPnk |X and TX can be proved adopting the methods
of [11], for cubic hypersurface X in Pnk if n 4. Also the stability of TPnk |Q for a smooth quadric
Q in Pnk has been proved by Paoletti [9] and Migliorini [8] in characteristic 0. However, for
smooth cubics in P2k and P
3
k we need to give a different argument (Lemmas 3.4 and 3.5).
2. Main results
Notation 2.1. We recall the notion of ‘generic’ and ‘general’ as given in Section 1 of [7]. Let
k be an algebraically closed field of arbitrary characteristic. Let Sd = Proj(H 0(Pnk ,OPnk )). Then
we have
Pnk × Sd ⊇ Zd qd
pd
Sd
Pnk
where Zd = {(x, s) ∈ Pnk × Sd | s(x) = 0} and pd , qd are projections. The fiber of qd over s ∈ Sd
is the embedding in Pnk via pd as the hypersurface of P
n
k defined by the ideal generated by s. Let
Kd be the function field of Sd . Let Yd be the generic fiber of qd given by the fiber product
Zd Sd
Yd
qd
SpecKd
where Yd is an absolutely irreducible, nonsingular hypersurface, and there is a nonempty open
subset of Sd over which the geometric fibres of qd are irreducible.
We call Yd the generic hypersurface of degree d . Whenever a property holds for q−1d (s) for s
in a nonempty Zariski open subset of Sd , then we say it holds for a general s.
Remark 2.2. For a torsion free sheaf V on a smooth projective variety (which is Pnk in our case),
the restriction of V to the generic hypersurface Yd is semistable (geometrically stable) if and only
if the restriction of V to a general hypersurface of degree d is semistable (geometrically stable):
because, for any coherent torsion free sheaf F of X, the sheaf p∗dF forms a flat family over a
nonempty open subset of Sd (see Proposition 1.5 of [7]), and the property of coherent sheaves
being semistable (geometrically stable) is open in flat families.
Remark 2.3. By Theorem 2.1 of [6] and Theorem 3.23 of [13], if X is a projective variety
such that μmin(TX) 0 then any semistable bundle on X remains semistable after applying the
functors like Frobenius pull backs, tensor powers, symmetric powers, and exterior powers on X.
Moreover if μmin(TX) > 0 then, by Theorem 2.1 of [6], a stable bundle on X is strongly stable.
Lemma 2.4. Let X be a smooth hypersurface in Pnk , such that TPnk |X is semistable and
μmin(TX) 0. Then, for any irreducible representation τ : GL(n) → GL(W), the associated bun-
dle Wτ |X is strongly semistable .
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of [5], given an irreducible representation
τ : GL(n) → GL(W),
there exists λ ∈ χ(T ) (for a fixed torus T of GL(n)) such that
W = L(λ),
where following the notation of [5], the GL(n)-module L(λ) = socle of H 0(λ). Moreover, by
Corollary 2.5 of [5], the module dual to L(λ) is
L(λ)∨ = L(−w0λ).
Let i ∈ χ(T ) be given by i(t1, t2, . . . , tn) = ti and let ωi = 1 + · · · + i . Then any ν ∈ χ(T )
can be written as
ν =
∑
i
aiωi =
∑
i
νii ,
where νi ∈ Z and ν1  ν2  · · · νn.
Let H0(Lν) be the vector bundle on G/P = Pnk corresponding to the GL(n)-representation
H 0(Lν).
Claim. The bundle H0(Lν)|X is semistable on X ⊂ Pnk and
μ
(
H
0(Lν)|X
)=
(∑
i
νi
)(
μ(Vσ |X)
)
,
where Vσ = TPnk (−1).
Proof of the claim. Let us denote
S(a1, . . . , an,V ) = Sa1(V ) ⊗ Sa2(∧2V ) ⊗ · · · ⊗ San(∧nV ),
for a vector space V , and let us denote
S(a1, . . . , an,V ) = Sa1(V ) ⊗ Sa2(∧2V ) ⊗ · · · ⊗ San(∧nV ),
for a vector bundle V. By definition of H 0(Lν), we have a surjection of GL(n)-modules
S(a1, . . . , an,V ) → H 0(Lν), (2.1)
where σ : GL(n) → GL(n) = GL(V ) is the standard representation. Hence we have the surjec-
tion of G-homogeneous bundles on Pnk
S(a1, . . . , an,Vσ ) → H0(Lν), (2.2)
where we recall that Vσ = TPnk (−1) = (ΩPnk (1))∨ is the vector bundle associated to the represen-
tation σ . Therefore we have the surjection of bundles on X
S(a1, . . . , an,Vσ |X) → H0(Lν)|X. (2.3)
By Theorem 1.1 (and Corollary 1.3), exposé XXV, Schémas en groupes III, [14], GL(n)/B
(B is a Borel group of GL(n)) can be lifted to characteristic zero. Therefore the degree and rank
of these vector bundles are independent of the characteristic of the field. Now over a field of
characteristic 0, sequence (2.1) split, which implies that sequence (2.2) splits as bundles on Pn,k
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we have
μ
(
H
0(Lν)
)= μ(S(a1, . . . , an,Vσ ))
= (a1 + 2a2 + · · · + nan)μ(Vσ )
=
(∑
i
νi
)
μ(Vσ ),
where the last inequality follows as νi = ai + · · · + an. Hence
μ
(
H
0(Lν)|X
)=
(∑
i
νi
)(
μ(Vσ |X)
)
. (2.4)
By Remark 2.3, the bundle S(a1, . . . , an,Vσ |X) is semistable. Therefore, by (2.3) and (2.4),
the bundle H0(Lν)|X is semistable. Hence the claim.
Now, coming back to W = L(λ), let
λ =
∑
i
aiωi =
∑
i
λii .
Then, as w0(i) = n+1−i , we have
−w0λ = an−1ω1 + · · · + a1ωn−1 + (−a1 + · · · − an)ωn = −
∑
i
(λn+1−i )i .
This implies that μ(H0(L−w0λ)) = −μ(H0(Lλ)), therefore
μ
(
H
0(L−w0λ)|X
)= −μ(H0(Lλ)|X). (2.5)
Moreover there exists the surjective map of vector bundles on X
S(a1, . . . , an,Vσ |X) ⊗ S
(
an−1, . . . , a1,−(a1 + · · · + an),Vσ |X
)
→ (H0(Lλ) ⊗ H0(L−w0λ))|X, (2.6)
where the L.H.S. is a semistable vector bundle of slope = 0. Moreover, by (2.5), the slope of
R.H.S. is also = 0. Hence H0(Lλ)|X ⊗H0(L−w0λ)|X is semistable of slope 0. Now, consider the
injective map
Wτ ⊗ W∨τ → H0(Lλ) ⊗ H0(L−w0λ),
which gives the injective map
Wτ |X ⊗ W∨τ |X → H0(Lλ)|X ⊗ H0(L−w0λ)|X, (2.7)
where the slope of L.H.S is = 0, which is same as the slope of R.H.S. Hence Wτ |X ⊗ W∨τ |X is
semistable. This implies that Wτ |X is semistable, which proves the lemma. 
3. Stability of TPn
k
restricted to smooth quadric or smooth cubic
Remark 3.1. If Q ⊂ Pnk is a smooth quadric such that k is an algebraically closed field of char= 2 then
(1) ΩPn |Q is strongly semistable if n = 2 andk
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and μmin(TQ) > 0.
Stability of ΩPnk |Q is proved, in case n  3, by [9] and [8] in characteristic 0, and the proof
in [9] can be extended to arbitrary characteristic. In case n = 2, we have Q  P1k and ΩPnk |Q OP2k (−2)|Q ⊕OPnk (−2)|Q, hence strongly semistable. Moreover, for n  3, the tangent bundleTQ of Q is semistable and hence μmin(TQ) = μ(TQ) > 0.
Remark 3.2. Let X ⊂ Pnk be a smooth hypersurface of degree d  3. Let n  4 and
g.c.d.(char k, d) = 1. Then ΩX is stable.
This statement is proved by [11, Corollary 0.3], for k = C. Arguments given there can be
modified so as to work over any algebraically closed field of characteristic coprime to d (this
hypothesis is needed so that the cup product with c1(OPnk (d)) is an injective map). In particular
μmin(TX) = μ(TX) > 0.
Lemma 3.3. Let X ⊂ Pnk be a smooth hypersurface of degree d  3. Let n  4 and
g.c.d.(char k, d) = 1. Then ΩPnk |X is stable.
Proof. It is enough to prove that
H 0
(
X,Ω
q
Pnk
(t)|X
)= 0, for t  q(n + 1)/n and 1 q  n − 1.
This follows from the short exact sequence
0 → ΩqPnk (t − d) → Ω
q
Pnk
(t) → ΩqPnk (t)|X → 0
and the Bott vanishing. 
Lemma 3.4. Let X ⊂ P3k be a smooth hypersurface of degree d = 3. Then μmin(TX) 0.
Proof. Let H ⊂ P3k be a general hyperplane such that C = X ∩ H is a nonsingular complete
intersection on P3k . In particular C is an elliptic curve. This gives the canonical short exact se-
quence
0 → TC → TX|C →NC/X → 0,
which is equivalent to
0 →OC f1−→ TX|C f2−→OC(1) → 0.
If TX is semistable then μmin(TX) = μ(TX) = 1/2 > 0. We can assume that TX is not semistable.
Let L ⊂ TX be the Harder–Narasimhan filtration of TX , which gives a short exact sequence of
coherent sheaves (where L is a line bundle on X),
0 → L g1−→ TX g2−→M→ 0.
By definition, μmin(TX) = degM, therefore it is enough to prove that degM> 0, which is same
as to prove that degM|C =M · H > 0. Consider the composite map
OC f1−→ TX|C g2|C−−→M|C.
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degM|C > 0.
Case 2. If g2|C ◦ f1 = 0 then there exists a nonzero map OC →M|C , which implies that
degM|C  0. This proves the lemma. 
Lemma 3.5. Let X ⊂ Pnk be a smooth cubic hypersurface such that n = 2 or n = 3. Then ΩPnk |X
is semistable.
Proof. Suppose n = 2, then X is an elliptic curve. Hence ΩP2k |X is an indecomposable rank 2
vector bundle on X (see the proof of Theorem 3.16 of [2]) and is of negative degree. Hence strong
semistability follows from the facts that a vector bundle of negative degree has no sections and a
semistable bundle is strongly semistable on an elliptic curve.
Suppose n = 3. Let Q ⊂ P3k be a general smooth quadric such that C = Q ∩ X is a
smooth complete intersection nonsingular curve in P3k . Then C is curve of genus = 4 such that
OP3k (1)|C = ωC and the restriction of the short exact sequence
0 → ΩP3k (1) → H
0(P3k,OP3k (1)
)⊗OP3k →OP3k (1) → 0,
to C, is
0 → ΩP3k (1)|C → H
0(C,ωC) ⊗OC → ωC → 0.
Note that C is a non-hyperelliptic curve, hence by Corollary 3.5 of [10] (the proof given there for
k = C works for any algebraically closed field k of arbitrary characteristic), the bundle ΩP3k (1)|C
is stable. Hence the lemma. 
Corollary 3.6. If X ⊂ Pnk is a smooth cubic such that k is an algebraically closed field of char-
acteristic = 3, then
(1) ΩPnk |X is strongly semistable, if n = 2 or 3 and(2) ΩPnk |X is strongly stable, if n 4
and μmin(TX) 0.
Proof. This follows, by Remarks 2.3, 3.2 and Lemmas 3.3, 3.4, 3.5. 
Proof of Theorem 1.2. It follows by applying Remark 3.1 and Corollary 3.6 to Lemma 2.4. 
Proof of Corollary 1.3. By Theorem 1.2, the bundle Wτ |X is strongly semistable, where X is
a smooth quadric or a smooth cubic in Pnk . In other words, for s  0 and for the sth iterated
Frobenius pull back, F s∗Wτ of Wτ , the bundle F s∗Wτ |X is semistable, where X is a smooth
quadric or a smooth cubic. Hence, by the proof of the restriction theorem of [7], it follows that
F s∗Wτ |H is semistable when restricted to a general hypersurface H ⊂ Pnk of degree  2 (see
also the modified proof of the above mentioned restriction theorem given in [4]). This proves
part (1) of the corollary.
Moreover this implies that, for any s  0 and for generic hypersurface H0 of degree  2, the
bundle F s∗Wτ |H0 is semistable (see Remark 2.2). In particular, the bundle Wτ |H0 is strongly
semistable. This proves the part (2) of the corollary.
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hence geometrically strongly stable (as the underlying field k is algebraically closed). Now the
similar arguments, as above, applied to the tangent bundle TPnk , prove the rest of the corollary. 
Remark 3.7. By Remark 3.1, the bundle TPnk |Q is stable for a smooth quadric Q ⊂ Pnk , for
n 3. One may ask the following: If τ : GL(n) → GL(W) is an irreducible representation, then
is the associated bundle Wτ stable on Q? More generally if τ : GL(n) → H is any irreducible
representation, with H semisimple, then is the induced H bundle semistable on Q?
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